ST 563 - Spring 2026
Week 7

This Week’s Outline

Reading: Statistical Inference 2nd Edition Sections 9.1 - 9.3 (interval estimation)

Topics:
1. Confidence Intervals for Functions of Parameters
2. Bayes recap (Prior, Likelihood, Posterior)
Credible Probability

- W

Credible Interval

o

Unimodal pdf
Highest Posterior Density Interval
Joint Confidence Intervals for Multivariate Parameters

Two-sample Confidence Intervals

© »®» N @

Multivariate normal distribution
Results (Theorems/Lemmas/Propositions):

1. Theorem: Form of shortest interval containing given probability in unimodal distributions



Confidence Intervals for Functions of Parameters

Suppose that based on data X, we construct a (1 — ) confidence interval Cy for a parameter §. Now suppose
that we actually want a confidence interval for 7 = ¢(#) for some function g(-). How can we obtain a
confidence interval for 77

1. Invert a test of Hy: 7 =19 vs. Hy : T # 79.
2. Create a pivot U = (X, 7) and construct a pivotal interval for 7.
3. OR Transform the interval Cy into an interval for 7.

The first two of these methods are exactly what we have already covered; we are just using a different
parameterization of our distribution. Note that we have to be a bit careful because some functions g(#) do
not produce well-identified distributions; for instance, if X1,..., X, ~;q N(0,1) but we are interested in
T = 62, there are two values of 6 for each value of 7, so knowing 7 does not uniquely identify the distribution.

We can still perform inference for 7, we just have to acknowledge that 7 is not a one-to-one mapping of the
parameter 6.

Method 3 above is clearly the easiest approach, given that we already have a confidence interval 6 to work
with. Let Cy = (Lo(X), Up(X)). Then an interval for T can be obtained by taking

Cr = {70|m0 = g(6p) for some 0y € Cy}
Two questions to address here:

1. What is the coverage level of the interval C, constructed in this manner?

2. Why do we have to frame the interval like this? Why can’t we instead write

(WRONG:) C7 = (9(Lo(X)), 9(Up(X)))?



Bayesian Interval Estimators

Recall the basic components of Bayesian inference:

Definition 1. (Prior Distribution) The distribution h(#) is called the prior distribution of the parameter 9.

Definition 2. (Likelihood Function) Given some value of the parameter ¢ = 6, the joint pdf/pmf of the
data x is f(x;0) is the likelihood (a function of both the value 6 and the data x).
(

Definition 3. (Posterior Distribution) The posterior distribution of ¥ given the observed data x is

(x: 0)h(6)

f )
R(O]x) = T, £(x:0)h(0)do

Just like we used the posterior distribution to construct point estimates and decide between competing hy-
potheses, we can also use the posterior distribution to construct interval estimates.

First, we define the credible probability of any set A C ©—that is, any subset of our parameter space:

Definition 4. For any region A C ©, the credible probability of the set A is

P(0 € Alx) = /Ak(0|x)d9

Definition 5. A 1— « credible interval is an interval [a, b] such that the credible probability of that interval
is 1 — «; that is,

b
/ E(0x)dd =1 -«

Recall the Beta-Binomial Conjugate Family:

Example 1. (Beta-Binomial Conjugate Family) Suppose that Y ~ Binomial(n,p), where p is unknown,
and that we place a Beta(a, 8) prior on p:

e The likelihood function is given by
)y n—y
fylp) = ) )7 (L—p)"¥fory=0,...,n
e and the prior is given by

for p € (0,1).



As we've seen, the posterior distribution density for p given our observed value Y =y is

n\,y 1— n—y R a, —1,,a—1 1— B—1
k(ply) = Werd =2 (m(f)) S

x py+a—1(1 _ p)n—y+5—1

which we recognize as the kernel of a Beta(y + a,n — y + ) distribution.

How would you construct a set A that has credible probability 0.95 (or more generally, 1—a« for any « € [0, 1])?

The following theorem tells us how to choose the shortest possible interval in cases where the posterior
distribution is unimodal.

Definition 6. A pdf is unimodal if there exists some value z* such that
e For all x < z*, f(x) is non-decreasing
e For all z > z*, f(x) is non-increasing
Theorem 1. Let f(x) be a unimodal density function, and suppose a and b satisfy:
1.a<z*<b
2. f(a) = f(b)
3. f: flx)dr=1-«
Then the interval [a,b] is the shortest interval among all intervals [c,d] that satisfy fcd f(@)dz=1-a.
Proof.



We can use the previous theorem to derive the shortest credible interval for a parameter given that its
posterior distribution is unimodal:

Definition 7. For a unimodal posterior distribution k(#|x), the highest posterior density 1 — a credible
interval is the interval [a, b] such that

. feb k(9]x)dd =1 — «



o k(alx) = k(b|x)

e a < 0* < b where 0* is the mode of the posterior distribution.

The highest posterior density (HPD) 1 — « credible interval is, by the above theorem, the shortest 1 — «
credible interval for 6. Note, however, that this interval might not contain the Bayes estimator for 6 if the
posterior distribution is very highly skewed and has a heavy tail.

Note that if the posterior is not unimodal, then the HPD region may consist of multiple disconnected
intervals.

Example 2. (Poisson-Gamma conjugate family) Let Xi,...,X, be iid Poisson()), and let A\ have a
Gamma(a, 8) distribution, the conjugate family for the Poisson likelihood.

Derive the HDP 1 — « credible interval for A when a = b = 1.



Joint Confidence Intervals for Multivariate Parameters

Suppose we have data X that provides information about a multivariate parameter § = (61,62,....6,) €
© C RP, and we want to

1. Construct a confidence region C for 6
e Note that this region C C © C RP will be a p-dimensional region.

2. Perform a hypothesis test comparing Hy : 0 = 6y vs. Hy : 0 # 6.

This setting could arise in several ways:

1. Our data are iid from some distribution that has multiple parameters of interest; for instance,
e Gamma(k,\): 0 = (k, \)
e Normal(y,02): 6 = (u,0?)
e Beta(a,8): 0 = (o, )

2. Our data come from several (possibly) distinct populations, and we want to construct a joint interval
for the parameters of each of these populations; for instance,

e Xq,..., X, ~ iid Exponential(Ax) and Y3,...,Y,, ~ iid Exponential(Ay); 0 = (Ax, Ay).
e Here our combined sample is X = {X1,..., X,,, Y1,..., Y }.

3. Our data come from a multivariate distribution, which has multivariate parameters.

e By far the most common example of this is the multivariate normal distribution, which we will
discuss in more detail later. In this case, we might have 6 = (u1,. .., ftp), the mean vector.

We will see some special approaches for dealing with the third setting, multivariate normal data. For general
multivariate parameters, however, we typically use the following approach for confidence regions:

1. Construct (1 — a*) CIs C; for each component 6; of 6 separately.

2. Define C ={6y |0y, €C; for all j =1,...,p}, where 0y = (6p,1,60,2,...,00,p)-

That is, our joint confidence region is the intersection of all of the univariate confidence intervals
for each separate component of the parameter vector.

3. Chose the univariate coverage levels (1 — a*) to ensure that the coverage level of the joint confidence
region is at least the desired level (1 — «).

How do we accomplish the last step?



What if we know that the intervals that we are constructing are independent of each other? That is, the
limits of C; are independent of the limits of Cj for all j # k. Can we improve (shrink) the univariate
confidence intervals while maintaining joint coverage probability of (1 — «)?



Joint Confidence Interval for Normal Mean and Variance

Example 3. Let Xi,..., X, be iid Normal(u, 0?) with both x4 and ¢? unknown. Find a joint 1 — « confi-
dence region for § = (u,0?).



Note that the Bonferroni joint interval tends to over-cover; that is, we have
P((u,0%) €CuxC2) =P(n€Cpuo® €Cp2) >1—a
We can work out the coverage probability under several different conditions:
1. Perfect positive dependence between the coverages of the two intervals:
pEC, & o €lC,e

In this case,
P(u€Cy0®€Cy2)=P(ueC,) = Plo* €C,2)

so the two marginal intervals need only cover with probability 1 — « to obtain a joint 1 — « interval.
This situation does not happen except in cases of redundant parameterization, but is worth considering
as an extreme example of the result of positive dependence between the coverages.
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2. Independence between the coverages of the two intervals:
e CIJ« lo?e Cye2

In this case,
P(u€Cp,0®€Cy2)=P(ueC,) x P(o? € Cy2)

so the two marginal intervals need to cover with probability 1 —ayq and 1 — g where (1 —aq)(1—a3) =
(1 — a) to obtain a joint 1 — a interval (e.g. (1 —a1) = (1 — ) = (1 — a)/?).

3. Perfect (largest possible) negative dependence between the coverages of the two intervals:
pECyu=0”€Cye
02 ¢ Cpo = pecC,
That is, the events u ¢ C,, and 0 & C2 are mutually exclusive. In this case,
P(u€Cuo?€Ch2)=1—P(ugC U0 ¢Cyo)
—1— [P(u¢C,) + P(o? ¢ Coo)]

so the two marginal intervals need to cover with probabilities 1 — ay and 1 — ap where a; + as = a to
obtain a joint 1 — « interval. (e.g. an = a1 = «/2.)

Two-sample Confidence Intervals

In a two sample problem, we have data Xi,...,X,, and Yi,...,Y, from two possibly different popula-
tions/distributions, and we would like to make inference regarding some comparison of parameters for the
distributions.

o X1,..., X, iid Exp(Ax) Yi....,Y, iid Exp(\y)

— Parameter 0 = (Ax, Ay)

— Comparison of interest might be x(0) = Ax/Ay.
e Xy,..., X, iid Uniform(0,7x) Y7....,Y, iid Uniform(0, 7y)

— Parameter 0 = (7x,7y)

— Comparison of interest might be x(0) = 7x /7y .
e Xi,...,X,, iid Normal(pux,0%) Y1,...,Y, iid Normal(puy,0%)

— Parameter 0 = (LLX7U§(,/$Y70}2/)

— Comparison of interest might be x(0) = px — py or k(0) = 0% /0.

In general, the same approaches that were used in the one-sample setting can be used for constructing
confidence intervals for these comparisons of parameters:

1. Invert a hypothesis test for Hy : k(0) = ko to obtain
e One-sided upper confidence interval
C=(—00,Ty(X,Y))

if the alternative is a one-sided lower hypothesis H; : k() < Kg.

11



o One-sided lower confidence interval
C=(Tu(X,Y),00)
if the alternative is a one-sided upper hypothesis H; : k() > ko.
o Two-sided upper confidence interval
C=(TL(X,Y),Ty(X,Y))
if the alternative is a two-sided hypothesis Hy : k # Kg.

However, we have not yet seen hypothesis test procedures for the two-sample setting—we will get to
these in the next few weeks. That leaves us Option 2:

2. Pivotal method:

(a) Construct a pivot
U=hX,Y,0)

such that the distribution of U does not depend on the value of the comparison parameter «(0).
Let
be the cdf of the pivot.

(b) Find a and/or b such that

Plai<U)=1-« For a one-sided upper CI for ¢
PU<bh)=1-« For a one-sided lower CI for 6
Plaa<U<by)=1—-« For a two-sided CI for 6

This is done by letting

(c) Solve the inequalities

a1 < U
U<bh
as <U < by

for x(0).

The general form for pivots for location and scale parameter families is similar in the two-sample case to the
one-sample case.

e Location parameter:

12



— Point estimator H/(E) for k(6) based on sufficient statistic T for 6

—

— Often the distribution of U = £(6) — x(#) will not depend on 6.

— Note that this is instead presented as

for some “nuisance” parameter 7 that is either known or estimated from the data. This is just
to get the pivot distribution to be of a more standard form (e.g. Standard normal instead of
Normal(0, 02)).

— When 7 is estimated from the data, we need to account for the randomness introduced by this
estimation in deriving the pivot distribution (e.g. when the normal variance is estimated instead
of known, the pivot distribution is ¢,_; instead of Normal(0, 1)).

e Scale parameter:

— Point estimator @ for k(6) based on sufficient statistic T for 6

—

— Often the distribution of U = x(6)/x(6) will not depend on 6.

Example 4. (Exponential Location with Unknown Scale) Let
X1, Xo,..., X, ES Exponential(ux, o)
Y1,Y,,...,Y, id Exponential(uy, o)
SO
L —@nx)/o
flzspx,0) = —e 71 for = > px
o
1
flyspy, o) = —e W=7 for o > py
o

Find a (1 — «) confidence interval for k(0) = ux — py if o is unknown (but the same value for both popula-
tions).
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Multivariate Normal Distribution

Recall the univariate normal (also called Gaussian) distribution with parameters p (expectation) and o2
(variance) has density function

flx) = e 27 for —oo <z < o0

does not have a closed form expression.

Normal Density

f(x)
0.3

0.2

0.1

0.0
|

-4 -2 0 2 4

The multivariate normal distribution is an extension of the univariate normal distribution. A random vector
X = [Xy, Xo,. .. ,Xp]T has a multivariate normal distribution with parameters p (expectation vector) and
Y (covariance matrix) if the density for the joint distribution of the elements of X is

1 L (x—p) TS (x—p
f(x>:f($lax27-~'axp):W€ 3 (x—p) " BT (x—p)

Clearly the density will have constant contours given by
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Two dimensional Normal Distribution
M =0, 14, =0, 03, =10, 0, =10,p=0.5

Two dimensional Normal Distribution
H1=0, 4 =0,013, =10, 02,=10,p=-0.8

Two dimensional Normal Distribution
M =0, 1, =0, 03, =10,0,,=10,p=0.5

-10 -5 0 5 10

Two dimensional Normal Distribution
H1=0, 4 =0,013, =10, 02,=10,p=-0.8

Properties of the Multivariate Normal Distribution

e If X = [X1,X,... ,Xp]T has a multivariate normal distribution, then each element X;,j =1,...,p
has a marginal normal distribution; that is, each element considered on its own is normally distributed

with mean p; and variance o;.

e Random variables X, X», ..., X, with marginal normal distributions do NOT necessarily have a mul-

tivariate normal joint distribution.

Example 5. (Normal margins but not multivariate normal joint distribution)

17



Two Dimensional Distribution, Normal Margins Two Dimensional Distribution, Normal Margins
M1 =0, 1, =0, 03, =10, 0, =10 M1=0,11,=0,04,=10,0,,=10

-5

-10 -5 0 5 10
Marginal Distribution of x1 Marginal Distribution of x2
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e
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3 @
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s = g
<
S <
]
o
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s
o
5
T T T T T T T T
-10 -5 0 5 10 -5 0 5

Properties of the Multivariate Normal Distribution

e All subsets of elements of X have a multivariate normal distribution.

o If X = [X1,Xo,... ,XP]T has a multivariate normal distribution, then all linear combinations of the
components of X are normally distributed.

o If X =[X1,Xo,... ,Xp]T has a multivariate normal distribution MVN(u, ¥) and ¢ = [¢1, co, .. ., cp]T
is a vector of constants, then

18



e If X = [Xy, Xo,..., Xp]T has a multivariate normal distribution, then for a constant matrix A (;x;),
the (¢ x 1) vector

a11X1 + a12X2 + ...+ alep
a1 X1 + anXo + ...+ angp

AX =
(lqul —+ anXQ + ...+ aqup

has a multivariate normal distribution with mean Ap and covariance ASA”. That is,

AX ~ MVN (A,u, AEAT)

e If X =[X1,Xo,... ,Xp]T has a multivariate normal distribution, then Cov(X;, X)) = 0, = 0 if and
only if X; and X}, are independent.

This is NOT true for general random variables X; and Xj: it is possible for X; and X} to be highly

dependent (i.e., knowing the value of X; provides a lot of information about the value of X}) but have
COV(Xj,Xk) =0.

Example 6. To illustrate this last point, let

1 p. i
X ~ Normal(0,1) Y ~ WP 2
with Y independent of X. Define
X wp
W=YxX S0 W = 2

1. What is the distribution of W?

2. What is the covariance between X and W7

19



3. Are X and W independent?

For a univariate normal random variable X ~ Normal(yu,o?), the standardized random variable
X—p
o

7 =

~ Normal(0, 1)

has a standard normal distribution; that is, a normal distribution with mean 0 and variance 1.

Using the properties of the multivariate normal distribution, we can show that a similar result holds for a
multivariate normal random vector:

We have just seen that the elements Z1, Zs, ..., Z, of the standardized random vector

Z =YX -
Wl (X —p)

are independent, identically distributed (iid) random variables, each with a standard normal distribution.

Recall the following fact: for Y1,Ys,...,Yx w Normal(0, 1), we have

k
YPAYS 4. V=D Y~ s
1=1
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that is, the sum of the squared random variables Y7, ...,Y, has a chi-squared distribution with k degrees of
freedom.

Therefore, the sum of the squared elements of the standardized vector Z have a chi-squared distribution
with p degrees of freedom:

Z$+Z§+...+Z§ziZiQ:ZTZNX?,,)
i=1
Note that
A [2—1/2 (X — M)}T »12(X — p)

= (X - 'S S (X )
=X-p)' =X -p)

where we have used the following two facts:

e (AB)Y =BTAT

T
e X1/2 is symmetric, so £ ~1/2° = x-1/2

Using the fact that Z"Z ~ 7, and that Z"Z = (X — 1)t =71 (X — 1), we obtain the following result:

P((X =" =7 (X =) <xdy(@) =1-a

where X?p)(a) is the upper a quantile of the chi-squared distribution with p degrees of freedom:

Density of Chi—squared Distribution

X%P)(a)

Recall that (x — p)” B! (x — p1) = ¢2 defines a constant contour of the multivariate normal density; that
is, for all vectors x such that
x—m)' S (x—p)=c

the density
1

(2m)p/2 ||

will have the same value. Using an earlier result, we now know that for ¢ = X%p)(a), the probability

o= 5 (x=m) =7 (x—p)

[xi,x, (%) =

P((X—M)Tﬁ_l(x—u)§02> =1l-«
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That is, the area contained by the sz)(a) contour has probability 1 — a.. This result is useful (later) for
constructing confidence intervals for the parameter vector p.

a=0.2 a=0.1

4 4

24 2

N ’ N

2 2

-4 LI — -4 [ —

-4 -2 0 2 4 -4 -2 0 2 4

a=0.05 a=0.01

4 4

So far, we’ve been dealing with a single random vector X (one observation).

Now we consider the case where we have a sample of n random vectors X1, Xo, ..., X,, independent, with

X; ~Normal | p; , X
(px1) (px1) (Pxp)
e The mean vectors p; may differ (for the sake of complete generality, though later we will consider the
case where the X; are iid)

e The covariance matrix X is assumed to be the same for all 3.

This is analogous to the univariate setting where Xi,...,X,, are independent with X; ~ Normal(u;,0?),
where the means p; may differ, but o2 is assumed to be the same for all 1.

In the univariate case, we have the following result:

Vi=aXi+eXo+.. .+ X = ZCzXz ~ Normal (Z Cilbi, (Z C?) 02>
i=1 =1

i=1
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A completely analogous result holds for the multivariate case:

n n n
V1 = 01X1 + 02X2 +...+ Can = Z CiXi ~ Normal (Z Cilli, (Z C?) 2)
i=1 i=1 i=1

We have just replaced the univariate random variables X; with the multivariate random vectors X;, the
univariate means p; with the vector means p;, and the univariate variance o with the multivariate covariance
matrix X.

A special, but by far most important and most common, case of the previous results occurs when the means
p; = g (univariate) or y; = p (multivariate) are all equal, and the coefficients ¢; = 1. We consider the
univariate case first:

1 1 1 1< _
Vi=-Xi+-Xo+..+—Xp=-> X;=X
n n n nizl

Then we have

The analogous result for the multivariate case:

1 1 1 1 _
V1:7X1+7X2+.‘.+7Xn:fzxi:X
n n n <

3

so we have that

Thus we have obtained the sampling distribution of the sample mean vector.

The sampling distribution for the sample covariance matrix

n

(xp) n—1



may be similarly found to be analogous to the univariate case, which we now review.

In the univariate case, the sample variance is

1 « _
S2? = — D (X - X)%
=1

The distribution of S? when X7, ..., X,, are iid Normal(u, 0?) is given by

(n—1)5? 2
o2 ~ X(n-1)-

That is, the ratio of n — 1 times the sample variance divided by the true variance has a chi-squared distri-
bution with n — 1 degrees of freedom.

Recall, again, that a chi-squared distribution with & degrees of freedom is the distribution of
k
R+ Z3+.. + 2k =7}
i=1

for Z; Normal(0, 1).

The multivariate version of this result states that

has distribution given by
(n—1) S ~ Wishart(n—1,3)

(pxp)

or equivalently (as we will see shortly)
(n —1)2"Y282 712 ~ Wishart (n — 1,1,,)

The Wishart(k, X) distribution is a distribution on (p X p) matrices, and may be obtained as the distribution

of
k

Z, 7T
i=1 (Px1)(1xp)

for random vectors

7 ’ﬂNormal< 0, > )

(px1) (PXP)

This clearly reduces to the chi-square distribution in the univariate case (when p =1) if ¥ =1, = 1.

Several properties of the chi-squared distribution extend to the Wishart distribution.

e Properties of chi-squared random variables:
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— For Wy ~ X% ) and Wy ~ x? we have Wi + Wy ~ x%ul+yz).

vy (v2)’

— For W; ~ X?w) fori=1,...,m, we have > " | W; ~ X%y) where v =3"" ;.

e Properties of Wishart random matrices:

— For W, ~ Wishart(vy,X) and Wa ~ Wishart(vs, 3) we have W1 + Wy ~ Wishart(v; 4 v, X).

— For W; ~ Wishart(v;, ¥) fori = 1,...,m, we have Y _." | W; ~ Wishart(v, ) where v = """, v;.

Another property of the Wishart distribution: If A is distributed according to the Wishart(v, ) distribution,
then CACT is distributed according to the Wishart(v, CECT) distribution.

This result is the reason for the earlier equivalence:

(n—1) S ~ Wishart (n—1,3)

(pxp)

0

(n —1)X271/28% 712 « Wishart (n — 1,1,,)

Hypothesis tests for Multivariate Normal Parameters

Example 7. Let X, Xs,...,X,, independent, with

X; ~Normal< [T E)

(px1) (px1) (Pxp)

If ¥ is known, or if ¥ = ¢2H where H is known, we can use the sampling distribution of the sample mean
vector to construct a confidence region for y. This confidence region can be inverted to obtain a hypothesis
test for Hg : pp = po vs. Hy : 1t # po-
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